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Implementation Laguerre Pseudo-Spectral
Method for Obtaining the Approximate
Solution of Fractional Cable Equation

Kj. M. Abualnaja

Abstract— This paper is devoted to present the approximate solution for the fractional Cable equation (FCE) using an efficient numerical method. The
proposed method depends on implementation an approximate formula of the Caputo fractional derivative derived in [14]. This proposed formula is based
on the spectral collocation method with the generalized Laguerre polynomials. The properties of these polynomials are used to reduce FCE to solve a
system of ODEs which solved using finite difference method. Special attention is given to present the convergence analysis of the given formula. Numer-

ical example is given to show the validity and the accuracy of the proposed algorithm.

Index Terms — Fractional Cable equation, Caputo fractional derivative, Finite difference method, Laguerre polynomials, Laguerre pseudo-spectral

method, Convergence analysis.

1 INTRODUCTION

ractional differential equations (FDEs) have been the focus

of many studies due to their frequent appearance in vari-

ous applications in fluid mechanics, viscoelasticity, biology,
physics and engineering [17]. Consequently, considerable atten-
tion has been given to the solutions of FDEs of physical interest.
Most FDEs do not have exact solutions, so approximate and
numerical techniques ([23], [27]), must be used. Recently, sever-
al numerical methods to solve FDEs have been given such as
variational iteration method [8], Adomian decomposition
method [5], collocation method ([7], [9]-[13], [22], [26]) and finite
difference method ([24], [25]).

The Cable equation is one of the most fundamental equa-
tions for modelling neuronal dynamics. Due to its significant
deviation from the dynamics of Brownian motion, the anoma-
lous diffusion in biological systems can not be adequately de-
scribed by the traditional Nernst-Planck equation or its simplifi-
cation, the Cable equation [15]. Very recently, a modified Cable
equation was introduced for modeling the anomalous diffusion
in spiny neuronal dendrites [4]. The resulting governing equa-
tion, the so-called fractional Cable equation, which is similar to
the traditional Cable equation except that the order of deriva-
tive with respect to the space and/or time is fractional.

We consider the initial-boundary value problem of the
fractional Cable equation which is usually written in the follow-
ing form

b (x,t) = DPu(x,t) - uD u(x,t) + £ (x,1),

where0< <2, 0<y <1, f(x,t) isthesourceterm, u isa

constant and D is the Caputo fractional derivative with re-
spect to x and of order &, where § = 8, y.

Under the zero boundary conditions

u(0,t) =u(,t) =0, (2)
and the following initial condition
u(x,0) = g(x). ®)

In the last few years appeared many papers to study this model
([2], [18], [19], [21]), the most of these papers study the ordinary
case of such problem but in this paper we study the

fractional case.

Our idea is to apply the Laguerre collocation method to discre-
tize (1) to get a linear system of ODEs thus greatly simplifying
the problem, and use FDM [20] to solve the resulting system.

2 PRELIMINARIES AND NOTATIONS

In this section, we present some necessary definitions and
mathematical preliminaries of the fractional calculus theory that
will be required in the present paper.

2.1 The Caputo Fractional Derivative
Definition 1.

The Caputo fractional derivative operator D of order v is defined in

(1)  the following form
0<x<1, 0<t<T, , 1 x 1My
D" f(x)= v—m+1dt’ v>0, x>0,
r(m-v)0(x-t)
where m—1<v<m, meN, T'(.) is the Gamma function.
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D (Hlf (x)+ 92g(x)) =0,D f(x)+ 6,D a(x),
where 6, and 6, are constants. For the Caputo's derivative we
have [17]
D’C=0, Cisaconstant, 4)
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0, for neN0 andn<(v—|;

D'x" =4 T(n+1) ©)

Xn—v
r'(hn-v+1)

, for neN0 andnzfv—|.

We use the ceiling function ’_v_| to denote the smallest integer

greater than or equal to v, and NO ={0,1,2,...}.. Recall that for

v € N the Caputo differential operator coincides with the usual
differential operator of integer order.

For more details on fractional derivatives definitions and its
properties see [17].

2.2 The Definition and Properties of the

Generalized Laguerre Polynomials

o0
The generalized Laguerre polynomials [L&a) (x)} ya>-1

n=0
are defined on the unbounded interval [0, ) and can be de-

termined with the aid of the following recurrence formula

(n+ L% 00+ (x-2n- -l (x)
6)

v+l =0, n=12..,

where Lg“) (x) =1, and L1 %) (x) = ot +1— X,
The analytic form of these polynomials of degree 1 is given by

DK (n+a
L%a)(x) éo( k? (n ij , )

(«) nN+oa )
L, 7(0) = nl These polynomials are orthogonal on the

interval [0, ) with respect to the weight function

“e™X . The orthogonality relation is

W) = rl+ea) e
—x, (@) () nN+a
m(})x e Ly ()L, 7 (x)dx ( 0 ]5nm‘ (8)
Also, they satisfy the differentiation formula
DU 0 = (¥ A, k=01.n. 9

Any function u(x) belongs to the space st[O, ) of all square

integrable functions on [0, o) with weight function w(X), can

be expanded in the following Laguerre series

u() = _Ozoo 6Ll (x), (10)
i=

where the coefficients ¢; are given by
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r{i+1)

- 11
I'i+l+a)o (1)

G = “e—XLE“)(x)u(x)dx, i=01...
Consider only the first (m + 1)-terms of generalized Laguerre
polynomials, so we can write

U, (X) = igo Ci Ll(a)(x). 12)

For more details on Laguerre polynomials, its definitions and
properties see ([1], [3], [6], [16], [28], [29]).

3 T%—(I%APPROXIMATE FRACTIONAL DERIVATIVES OF
(X) AND ITS CONVERGENCE ANALYSIS

The main goal of this section is to introduce the following theo-
rems to derive an approximate formula of the fractional deriva-
tives of the generalized Laguerre polynomials and study the
truncating error and its convergence analysis.

The main approximate formula of the fractional derivative of
U(x) is given in the following theorem.

Theorem 1. [13]
Let u(x) be approximated by the generalized Laguerre polynomials as

(12) and also suppose v > 0 then, its approximated fractional deriva-
tive can be written in the following form

m i
DV ~ Z . (V) k—V’ 13
(um (X)) i=|VV—| k:z|rlv—|CIW|7k X ( )
k .
where Wi( V) | is given by W( k) r(:l])_)(l +aj.
7 + V I _

Theorem 2. [13]
The Caputo fractional derivative of order v for the generalized La-
guerre polynomials can be expressed in terms of the generalized La-

guerre polynomials themselves in the following form
V(@) i kv
DLY(X)= X X
k=[v] j=0

i= ’_v_|,|_v—|+1,..., m
I () K (i) (ke —vr)!

where 4 j k = 2 Rk ek -1 )

|
o

Theorem 3. [13]
The error in approximating D"u(x) by D"u m (X) is bounded by

Erm<. z i, G J)( exi2,

(15)

a>20, x>0, j=0,1,..,
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cmls % an i)
[Er (m) > e, ()

_(a+D)j ]ex/2
J! ’ (16)
—1<a<0, x20, j=01,..,
where
i kv
M= ¥ X Ojk &Erm)|=
k=[v] j=0

4 PROCEDURE SOLUTION OF THE FRACTIONAL
CABLE EQUATION

Consider the fractional Cable equation of type given in Eq.(1).

In order to use Laguerre collocation method, we first approx-

imate u(x,t) as

Uy (1) = EO LD (x). (17)
i=
From Egs.(1), (17) and theorem 1 we have
IO O OV N
=0 o AlTp
no (1) k=7 "
—p 2 X U (tw X + f(x,1).
S K
We now collocate Eq.(18) at (m+1—[v|) points x 0
p=01..,m-[v] as
m :
X ui(t)L§“)(xp)— S 3 uiuPx ks
=0 [ —I |7 —| , (19)
n ()y k=r
_ﬂi:%ﬂk:z( 1u LW T ()

For suitable collocation points we use roots of the generalized
a1 (@)

Laguerre polynomial Lm+1—[v1 (x).

Also, by substituting Eqgs.(17) in the boundary conditions (2)

. (@) oy _[aHi .
and using the property L’ (0) = . |we can obtain [v |

equations
2 u.(t)[“*'] 0)
S uj L (1) =o. (21)
i=0

Eq.(19), together with [v| equations of the boundary condi-
tions (20)-(21

which can be solved, for the unknowns uj,

), give (m + 1) of ordinary differential equations
i=0,1..m; us-

ing the finite difference method, as described in the following
section.

DYu(x)-D"um (x)|.
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5 NUMERICAL RESULTS

In this section, we present a numerical example to illustrate
the efficiency and the validation of the proposed numerical
method when applied to solve numerically the fractional Ca-
ble equation.

Consider the FCE (1) with x =1and the following source term

-2t L(p+1) . p-
f(x,t) =e [—Z(X'B—XV)— L T PV gy 22
Y7=20 2
and the boundary conditions u(0,t) =u(l,t) =0and the ini-
tial condition u(x,0) :(Xﬁ —xr ). The exact solution of
Eq.(1) in this case is u(x,t) = 2t(xﬁ—x}/).

We apply the proposed method with m=3, and approximate
the solution as follows

3
Uy(x ) = 2 OLY ). 3)
i=
Using Eq.(19) we have
3 3
3 GOUD (xp) - b i ui(t)wi<f>xpk—ﬂ
=0 I=2k=2 (24)

U 1)y
_iglkélui(t)w'k p +f(xp,t), p=0,1

where x|, are roots of generalized Laguerre polynomial

L(Z“) (x), ie, Xy=0427124, X =3.07288.

By using Egs.(20)-(21) and (24) we can obtain the following
system of ODEs

U (1) + kytiy (£) + kolig () =

(25)
Rlul(t) + R2u2(t) + R3u3(t) + fO 1),
lg (8) + 49Uy (1) + U5 (1) = 26
QuUy (1) + Quliy (1) + Qgua (1) + f 1),
rouo(t) + rlul(t) + U, )+ raus (t)=0, (27)
SpUp )+ S )+ SoUy )+ 53u3(t) =0, (28)

where
_ (o) _ (@) _ (o) _ (o)
kg =L " (xg) ky=L37" (%) Ly =L 7 (x) fp=L37(x)
R =-wWx 7, R, =wi)x¢” — (Wi xs” + Wiz x5 "),
=6 O ) - ),
(M
Q, =—-w7 y Q=

2 -
Q=x" (Wé,,’? WX =X (W WX+ W X)),

().

By 2F _ (P (@)y 2
WG X = (W w7,

s -L90, i-0123
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TABLE 1

AU

The absolute error between the exact solution and the

approximate solutionat m =3, m=5and T = 2.

n n n n n
where U =(u0,ul,u2,u3)

* Uex — LIapprox| atm=3 |ueX ~Uapprox| atm=5
0.0 4.483787e-03 2.726496e-05
0.1 4.479660e-03 3.455890e-05
0.2 4.201329¢e-03 3.809670e-05
0.3 3.695172e-03 3.809103e-05
0.4 3.007566e-03 3.514280e-05
0.5 2.184889e-03 3.009263e-05
0.6 1.273510e-03 2.387121e-05
0.7 0.319831e-03 1.735125e-05
0.8 0.629793e-03 1.119821e-05
09 1.528978e-03 0.572150e-05
1.0 2.331347e-03 0.072566e-05

ufx .t

Now, to use FDM for solving the system (25)-(28), we will use

the following

notations

t. =

OSti <T, =T/N fori=0,],..., N.Define

irto be the integration time

n+1

=BU"+F

n+1

,or U

T

n+1

A

1

BUM +A”

1

n+1
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, (34)

and F" = () c1,0,0)",

a

0.1
0

—+— Exact solution
T Approximate solution

0.1

0.2

03

0.4

0.5
e

0.6

07

0.8

0.8

1

Figure 1. Comparison between the exact solution and the
approximate solution at T = 0.5 with 7 = 0.0025, m = 3.

uin =U; (tn), fin = fi (tn) . Then the system (25)-(28), is discre-

tized in time and takes the following form

n+l n n+l n n+1
uO - UO +k ul - ul +k u3 N U3 i % I I —+— Exact solution I I I
1 2 1 K L O Approximate solution E
r B B (29) 0.01 pp
n+1 n+1 n+1 n+1 02t 1
Rlu1 + R2u2 + R3u3 + fO ,
n+l n n+#l n n+1 a8y i
Yo "%, % "W, Y% T 004} .
1 2 -
4 4 ‘¢ (30) Z oot 1
n+1l n+1 n+l . n+l R
Qup " +Qpuy " +Qquz T+ T ol |
n+1 n+1 n+1 n+1 L J
Up  +HUL  tlls —+lus =0, (31) L%
n+1 n+1 n+1 n+1 U 1
SgUp ~ +SUp  +SpUy T HSgUz T = 0. (32) il |
We can write the above system (29)-(32) in the following ma- . . . . . . . . .
a1 02 03 02 05 08 07 08 09

trix form as follows

x

n+l Figure 2. Comparison between the exact solution and the
1 k-7Ry -7Ry, k;,—-7Rg Yo approximate solution at T = 0.5 with 7 =0.0025, m = 5.
1 0 -1Q -1Qy (5-7Qq Uy _
1 -1 1 -1 us
1 1 1 1 u
° )
u n n+1
1 Kk O ko 0 fO
u
1 7 1 0 Ly 1], ; fl
0 0 0 0 || Y2 0
0 0 0 J\ug 0
We use the notation for the above system
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Figure 3. The behavior of the approximate solution at different
values of f# at y=0.8.
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Figure 4. The behavior of the approximate solution at different
values of yat f=1.8.

The obtained numerical results by means of the proposed
method are shown in table 1 and figures 1-4. In table 1, the

absolute error between the exact solution U

ex and the approx-

imate

solution u approx at m = 3 and m = 5 with the final time T = 2

are given. Also, in figures 1 and 2, comparison between the
exact solution and the approximate solution at T = 0.5 with
time step 7 = 0.0025, m =3 and m =5 are presented, respec-
tively. Also, in figures 3 and 4, the behavior of the approxi-
mate solution at T = 0.5 and m = 5 with different values of £
and J are presented, respectively. From, these figures, we

can see that the behavior of the approximate solution depends
on the order of the fractional derivative.

6 CONCLUSION

The properties of the Laguerre polynomials are used to reduce
the fractional Cable equation to the solution of system of
ODEs which solved by using FDM. The fractional derivative is
considered in the Caputo sense. In this article, special atten-
tion is give to study the convergence analysis and estimate an
upper bound of the error for the proposed approximate for-
mula of the fractional derivative. The solution obtained using
the suggested method is in excellent agreement with the al-
ready existing ones and show that this approach can be solved
the problem effectively. From the resulted numerical solution,
we can conclude that the used techniques in this work are ap-
pli to solve many other problems. It is evident that the overall
errors can be made smaller by adding new terms from the se-
ries (23). Comparisons are made between the approximate
solution and the exact solution to illustrate the validity and the
great potential of the technique. All computations in this pa-
per are done using Matlab 8.
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